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Abstract&The boundary-layer flow over semi-infinite vertical and horizontal flat plates, heated to a constant 
temperature in a uniform free stream, is studied when the buoyancy forces either aid or oppose the 
development of the boundary layer. Different mixed-convection parameters are introduced in the formulation 
of the respective problems involving horizontal and vertical surfaces such that smooth transition from one 
convective limit to the other is possible; in particular the governing equations for the purely forced and free 
convection cases are respectively recovered from the zero values of the Grashoff and Reynolds numbers. An 
effective numerical scheme is developed to incorporate the integral boundary condition appearing in the 
governing equations of the flow over a horizontal flat plate, thereby renderingnumericalconvergence possible. 
Locally similar and locally nonsimilar solutions are also obtained. They show considerable deviation of the 
velocityprofilesfrom therigorousfinite-differencesolutionin theregionofintensen$xedconvection,although 
good agreement exists for the wall values, as represented by the friction factors and Nusselt numbers, which are 
of primary interest. Simple explicit expressions correlating local Nusselt numbers over the entire range of 
mixedconvectionintensitywhen PrandtlnumbersvaryfromO.1 to lOaredetermined.Theseparationpointsin 

opposing flows are also obtained. 

1. INTRODUCTION 

BUOYANT forces play an important role in the force 
convective flow over solid bodies by altering the flow 

field and hence the heat transfer and shear stress 
characteristics at the wall. Extensive studies [l-11] 
have been conducted on mixed-convective flow over 
horizontal or vertical flat surfaces. In these studies the 
formulation fails to provide a smooth transition 
between the forced convective limit and the free 
convective limit in that, depending on whether the 
Grashoff number (Gr) or Reynolds number (Re) is used 
for nondimensionalization, the solution becomes 
increasingly difficult to obtain as one of these limits is 
approached. In fact the solution becomes singular at 
the respective limit. 

Recently, during the study of the diffusion flame 
structure in stagnation flows, Fernandez-Pello and 
Law [ 121 introduced a unified mixed-flow parameter of 
the form (Re4 + Gr’)“’ for nondimensionalization. The 
resulting formulation provides solutions which are 
uniformly valid over the entire range of the mixed- 
convective flow between the two limits. Furthermore, 
since the formulation removes the singularity 
appearing at one of the limits, the governing equations 
then become similar at both limits. This formulation 
subsequently has also been applied to the diffusive 
burning over vertical surfaces [ 133. 

In the present study we have extended the 
formulation and solution of the mixed-flow problem in 
several aspects. 

(1) Analogous to the mixed-flow parameter for 
vertical plates, we have introduced a corresponding 
parameter ofthe form (Re5 + Gr’)“” for the horizontal 

surface. 

(2) We have also found it useful to introduce 
new transformed x-coordinates, 5, of the forms 
(1 + GrZ/Re4)- ’ and (1 + Gr*/Re’)- ‘, instead of the 
conventional forms of GrJRe* and Gr/Re5’*, for the 
vertical and horizontal surfaces, respectively. Use of 
these new coordinates properly places the flow range to 
be between 5 = (0, l), and thereby facilitates the 
solution procedure. 

(3) We have developed a numerical scheme in which 
convergence in the horizontal case is achieved [ 11. 

(4) Solutions for both aiding and opposing flows have 
been obtained ; in the latter case the separation points 
have also been determined. 

(5) Both local-similarity and local non-similarity 
solutions have been obtained and compared with the 
rigorous solutions. 

We now present the formulation and solutions 
mentioned above. 

2. VERTICAL FLAT PLATE 

The conservation equations when the buoyancy 
forces influence the development of the boundary layer 
flow over a vertical flat surface are given by 

%d + w4 o 

-= 

ax ay (1) 

,ug+pu;=; p$ kpgj3(T-TT,) (2) 
( > 

aT 
Puix+p”%dp AaT, 

( > a~ ay cp ay 
(3) 

The second term on the RHS ofequation (2)is due to the 
buoyancy induced force. The boundary conditions for 
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NOMENCLATURE 

CP specific heat 

cr local skin friction factor 

F reduced stream function 

9 gravitational acceleration 

Gr local Grashoff number, gjI( T, - T,)x3/v’ 
Nu Nusselt number 
Pr Prandtl number 
Re local Reynolds number, U,x/v 

T fluid temperature 

L wall temperature 

TLC free stream temperature 

u axial velocity component 

u, free stream velocity 

t’ normal velocity component 

X axial coordinate 

Y transverse coordinate. 

; 

pseudo-similarity variable 

dimensionless temperature, 

V- T,)/(T,- Ta.) 
1 thermal conductivity 

p dynamic viscosity 

kinematic viscosity 

:: P resent mixed-convection parameter : 
(1 + Gr’/Re“- 1 for vertical case ; 
(1 + Gr2/Re5)- ’ for horizontal case 

51 conventional mixed-convection parameter 

for vertical case, Gr/Re’ 

52 conventional mixed-convection parameter 

for horizontal case, Gr/Re5’2 

5, separation point 

P density 

* stream function. 

Greek symbols 
thermal diffusivity 
coefficient of thermal expansion 

Superscript 
denotes partial derivative with respect 

to ‘I. 

equations (l)-(3) are 

u=v=O, T=T, at Y=O 

,,, + PO - 0 -FFB’= 2Pr<(l--&[8.~-F’~] (9) 
4 

u+ u,, T-+T, as y-cc (4) 

lL=U,, T = T, at x = 0. 

To facilitate the solution of the above system of 
equations over the entire regime of mixed, forced, and 
free convection, it is necessary to transform these 
equations to a form which exhibits the effects of 
buoyancy on forced convection and also the effects of 

forced flow on free convection. The mathematical 
analysis is simplified by introducing the following 
coordinates of transformation 

F’(<,O) = 0, 0(&O) = 1 (104 

(3-<)F(CO)-*<(I-_5)? = 0 (10’4 

F’(<, co) = <1’4, Cl(<, co) = 0. (104 

Re”2 Y 
5 = 5(x), v = .51’8 

s 
o (P/P,) dY. (5) 

In the above equations, primes denotes partiai 
differentiation with respect to VI, Pr is the Prandtl 
number, and t(x), which serves as the buoyancy 
parameter in the forced convection limit and as the 
forced convection parameter in the free convection 
limit, is given by 

(11) 
In addition, a reduced stream function F(&q) and a 
dimensionless temperature 0(&a) are defined, respect- 
ively, as 

Re’12 
Ic/(<.v) = F F(5, rl)> 

T-T, 
‘45, ‘1) = T_T (6) 

w cc 

where +(&q) is the stream function that satisfies the 
continuity equation (1) and 

a* a$ 
pu = p*-, pn = -pmdx. 

SY 
(7) 

Assuming constant values for pp, cp, and pl, the 
transformed system of equations become 

F”‘+ (3 - 5) 4FF”- y Ff2&@-#? 

(8) 

where Gr = g/?(T,- Tm)x3/v2, Re = U,x/v are the 
local Grashoff and Reynolds numbers, respectively. 

It is seen from the present formulation of the problem 
that the governing equations reduce to forced and free 
convection limits, respectively, when 5 = 1 and 0. Both 
the limits have similarity solutions. Equations (8)-(10) 
are solved using a finite-difference scheme similar to 
that given in the Appendix. The same equations are also 
solved by utilizing the local similarity and local non- 
similarity methods. In the local similarity method the 
governing equations reduce to ordinary differential 
equations by eliminating the terms involving the 
derivations with respect to 5. In the local non-similarity 
method of Sparrow and Yu [14], the solutions are 
truncated at the second level by eliminating the terms 
involving the second order derivatives with respect to <. 



A formulation of combined forced and free convection past horizontal and vertical surfaces 2217 

3. HORIZONTAL FLAT PLATE 

The conservation equations for the laminar 
boundary layer flow with mixed convection over a 
horizontal flat plate are given by 

d(P4 + a(P4 _ o 

ax ay 
(12) 

is8& p(T- T&J dy 1 (13) 

aT aT a 2aT 
Pux+P”ay=ay cpay . 

c > 
(14) 

The second term on the RHS ofequation( 13) derived in 
detail by Sparrow and Minkowycz [3], is the 
streamwise pressure gradient due to buoyancy. The 
boundary conditions for equations (13) and (14) are 

u=u=O, T=T, at y=O 

u-U,, T+T, as y-cc (15) 

u = u,, T = T, at x = 0. 

It may also be noted that the problem can also be 
formulated, in a somewhat more straightforward 
fashion, without the integral representation in equation 
(13). We have, however, purposefuJ!y adopted the 
integral formulation in order to demonstrate the 
features of the present numerical scheme which 

removes the convergence difficulty reported in ref. [ 11, 
and is expected to have extended utility in other 
situations. 

To facilitate the solution of the above equations for 
the entire range of mixed convection, the following set 
of coordinates are introduced 

R&2 Y 

?= 1/10 oWp,)dy, 
X5 s 

In addition, a reduced stream function and a 
dimensionless temperature @(I& r]) are defined as 

where J/ is the stream function which satisfies equation 
(12). Making use of the Boussinesq approximation, the 
transformed system of equations become 

F”” + (6-5) FF”‘+ 

10 

aF(5,O) o 
F’(5,O) = 0, (6-<)F(c,O)- 10&l -0ag = 1 

0(&O) = 1 (20a) 

k&-5) 

F’(& co) = p5, f3(&ca) = 0 Gw 

where primes denotes partial differentiation with 
respect to q. As in the previous formulation, the 

governing equations reduce to forced and free 
convection limits, respectively, when 5 = 1 and 0. Both 
limits have similarity solutions. Equations (18)-(20) are 

solved using an identical finite-difference scheme that is 
given in the Appendix and also by the local similarity 

method. 

4. RESULTS AND DISCUSSIONS 

Numerical calculations are carried out for fluids 

having Prandtl numbers of 0.1,0.7, 1.0, and 10.0 over 
the entire regime of mixed, forced and free convective 
flow over vertical and horizontal flat surfaces. A finite- 
difference scheme has been developed and is detailed in 

the Appendix. The scheme is based on the method of 
quasi-linearization and iteration to integrate the 

respective governing equations in the entire range of 
mixed convection parameter 0.0 < 5 < 1 .O. In order to 
verify the accuracy of using the local similarity 
approximation under the present formulation, the 
equations under this approximation are also solved 
using the quasi-linearization scheme. Additionally, the 
local non-similarity method of Sparrow and Yu [ 141 
has also been used for comparison purpose in the case 
involving the vertical surface. Local non-similarity 
solutions for the horizontal case have not been 
obtained because of the excessive computing cost and 
because they are not expected to provide any new 
insight in addition to those of the vertical case. 

The primary physical quantities of interest are the 
velocity distribution (u/U,) = F’(& q), the temperature 
distribution (T - T,)/( T, - T,) = O(<, q), the local 
Nusselt number Nu, and the local skin friction factor 
Cr. The last two quantities are defined, respectively, by 

Qw x 
N” = (T,--T,) 7’ cf = p;i/2 (21) 

where z, = p(au/ay),,=, is the wall shear stress and 
Q, = - n(aT/ay),,= o is the wall heat flux. Making use of 
equations (5)-(7), we get 

@(LO) Nu/JRe = -T, C,,,/Re = v (22) 
5 

which are applicable for the case of the vertical flat 
plate. Similarly, for the case of the horizontal flat plate 
and using equation (16) and (17) we get 

@Yr, 0) 
NulJRe = - ljl~, 

5 
C,JRe = F. (23) 

Table 1 and Figs. l-4 correspond to the case of the 
vertical flat surface when buoyancy force aids the 
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I.50 3.00 4.50 6.00 7.50 9.oc 

T 

FIG. 1. Velocity and temperature protiles for Pr = 0.1 for 
mixed convective flow over vertical surfaces. Curves l-6 
designate 5 = 1.0, 0.9224, 0.6561, 0.1296, 0.0081, and 0, 

development of the boundary layer. The local Nusselt 
number and the local skin friction factors can be 
evaluated from the values of {, F”(&O), @‘({.O) using 
equation (22). The results confirm the observations of 
previous works [l-11] that for all values of the 
buoyancy parameter, 5% = Gr/Re2, the local Nusselt 
number for the mixed, forced and free convection flows 
are higher than what would be in either of the pure 
buoyant and pure forced flows. In the case of mixed 
convective flow over a vertical flat surface, the 
buoyancy forces directly influence the fluid motion. 
Any increase in the buoyancy forces results in an 
enhanced fluid acceleration and thus also increases the 
Nusselt number. Significant deviations from the forced 
convection flow become apparent at low values of the 
buoyancy parameters, <i. It can be seen from Figs. 1-4 
and Table 1 that higher values of the thermal gradients 
are associated with fluids having larger Prandtl 

I) 
6.00 5.00 4.00 3.00 2.00 1.00 0 

1.00 

0.60 ---Lomly non-*kni,ar 

t 0.60 

0.40 

0.20 

0 
0 I 33 2.66 399 3 32 665 7.96 

? 

FIG. 2. Same as Fig. 1 except Pr = 0.7. Also shown are local 
non-s~i~a~ty solutions. 



A formulation of combined forced and free convection past horizontal and vertical surfaces 2219 
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FIG. 3. Same as Fig. 1 except Pr = 0.7. Also shown are local 
similarity solutions. 

numbers, because of the smaller boundary-layer 
thickness and hence a larger temperature gradient at 
the wall. 

Figures l-4 also show that the velocity overshoot 
above the free stream velocity can be quite large for low 
Prandtl numbers. Fluids with large Prandtl numbers 
are more sensitive to the effect of forced convection in 
the free convection limit. The location of the maximum 
velocity moves inward with an increase in the buoyancy 
effect, but the thickness of the thermal and velocity 
boundary layers remain constant for a given Prandtl 

number. As can be seen from Table 1, a higher value of 
F”(& 0) is associated with fluids having lower Prandtl 
numbers and F”(<, 0) increases with an increase in the 
buoyancy parameter, 5,. 

Figure 2 compares the velocity profiles of the 
rigorous solution with those obtained with the local 
non-similarity approximation, for Pr = 0.7. The 

temperature profiles are not compared because they are 
always quite close to each other. Table 1 demonstrates 
this close agreement for the wall values 0’([, 0), which 

7) 
6.00 5.00 4.m 3.00 2.00 IO0 0 

1.00 

FIG. 4. Same as Fig. 1 except Pr = 10.0. 

show a maximum difference of 4.4%. The velocity 

profiles, however, show substantial disagreement away 
from the wall in the region of intense mixed convection 

with 0.02 < 5, < 3.5. The maximum deviation in the 
wall values F”(<, 0) is about 11%. These results are 
consistent with the greater sensitivity of the velocity 
profiles to the buoyancy induced forces, thereby 
making it more sensitive to approximations in the 
analysis. 

Figure 3 and Table 1 compare the local similarity 
approximation to the rigorous solutions for Pr = 0.7. 

Here again we observe good agreement for the 
temperature results and substantial disagreement in 

the velocity profiles away from the wall in the region of 
the intense mixed convection. Maximum differences of 
8.3 and 6.3% are observed for the wall values F”(& 0) 
and 0’(&0), respectively. The good agreement for 
F”([, 0) and 0’(<, 0) obtained by the rigorous and local 

similarity assumptions, in addition to the considerable 
simplifications the local similarity method introduces, 
suggest the use ofthis approximation for most practical 
purposes. It should also be noted that the conventional 
formulation of using only Reynolds or Grashoff 
numbers for non-dimensionalization of governing 

equations does not result in a local similarity solution 
as the other convection limit is approached; the 

governing equations in fact become singular at that 
limit. 

We also note that in Figs. 2 and 3, and also Fig. 6 to be 
discussed later, the locally similar and the locally 
nonsimilar velocity profiles exhibit the existence of a 
local minima, at large values of q, whose value is even 
less than the free stream value. It has been ascertained 
that thisisaconsequenceoftheuse ofafinite freestream 
boundary in the numerical calculations, and that it has 
practically no effect on the wall values represented by 
the skin friction coefficient and the Nusselt number. 
Accuracy ofthe present numerical scheme has also been 
checked by using Gear’s initial boundary value routine 
with the missing boundary conditionf”(& 0) obtained 
from the present numerical solution. Numerical results 
from both schemes were identical. 

Table 2 and Figs. 557 correspond to the case of the 
horizontal flat plate. The results show similar trends as 
those ofthe vertical case. The velocity overshoot is quite 
large for fluids having small Prandtl numbers when 
compared to the previous case and consequently result 
in higher values of F”(&O) and 0’(& 0) at the wall. 
However, at higher values of Prandtl numbers and 
larger values ofthe mixed convection parameter, t2, the 
effect of forced convection flow in the free convection 

limit is less significant when compared to the vertical 
case. This results in lower values of F”(<, 0)and @({, 0) in 
this range of mixed convection flow. For Pr = 0.7, the 
maximum differences in F”(c& 0) and f3’(& 0) are 16 and 
4.6x, respectively. 

Under the current formulation it is observed from 
Tables 1 and 2 that there is only a slight variation of the 
dimensionless temperature gradient, - Q’(<, 0), with the 
mixed convection number for any given Prandtl 
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Table 2. Results of F”(& 0) and - 6’(& 0) for mixed-convective flow over horizontal surfaces 

Local similarity 
Rigorous solution method 

Pr = 0.1 Pr = 0.1 Pr = 1.0 Pr = 10.0 Pr = 0.7 
5 52 F”(5,O) -@(&O) F”(&O) -@Y&O) F”(&O) -eY5,0) F”(5,O) -0&O) F”(5,O) -@Y&O) 

1.OOOOO 0.000 0.3332 0.1527 0.3332 0.2931 0.3332 0.3328 0.3332 0.7289 0.3332 0.293 1 
0.90392 0.326 0.9472 0.1785 0.6306 0.3441 0.5904 0.3855 0.4196 0.7114 0.7334 0.3416 
0.81537 0.416 1.1879 0.1887 0.7312 0.3582 0.6810 0.3999 0.4453 0.7884 0.8226 0.3571 
0.73390 0.602 1.3450 0.1943 0.8042 0.3660 0.7375 0.4078 0.4600 0.7939 0.8726 0.3621 
0.65908 0.719 1.4610 0.1979 0.8524 0.3711 0.7119 0.4129 0.4694 0.7969 0.9047 0.3653 
0.59049 0.833 1.5518 0.2004 0.8893 0.3746 0.8085 0.4165 0.4756 0.7983 0.9268 0.3673 
0.32768 1.432 1.9513 0.2125 1.0368 0.3896 0.9279 0.4307 0.4901 0.7969 0.9733 0.3713 
0.16807 2.225 2.0596 0.2106 1.0629 0.3864 0.9441 0.4269 0.4754 0.7824 0.9835 0.3711 
0.01716 3.444 2.0576 0.2060 1.0524 0.3798 0.9323 0.4197 0.4554 0.7665 0.9850 0.3696 
0.03125 5.568 2.0268 0.2027 1.0342 0.3739 0.9143 0.4132 0.4352 0.7506 0.9843 0.3673 
0.01024 9.831 2.0032 0.2009 1.0185 0.3695 0.8980 0.4079 0.4163 0.7349 0.9834 0.3647 
0.00243 20.261 1.9946 0.1997 1.0071 0.3657 0.8848 0.4032 0.3992 0.7196 0.9830 0.3619 
0.00032 55.893 1.9952 0.1983 0.9989 0.3618 0.8738 0.3983 0.3845 0.7049 0.9833 0.3591 
0.00001 316.226 1.9984 0.1966 0.9924 0.3578 0.8643 0.3932 0.3723 0.6911 0.9846 0.3563 
o.OOOOO cc 2.OOt35 0.1947 0.9869 0.3536 0.8556 0.3881 0.3624 0.6780 0.9869 0.3536 

number. Advantage can be taken ofthis fact to correlate 

the local Nusselt number in terms of the Prandtl 
number, Pr, and mixed convection number, 5. The 

following relationships apply, respectively, for the 
mixed convective flow over vertical and horizontal flat 
surfaces 

NU 0.37Pr”3 
-ZZZ 
JRe 

-ljs 
5 

NU 0.37Pr’13 
PC 
JRe 

-1/10’ 
5 

(25) 

The local Nusselt numbers obtained from equations 
(24)and (25) are found to correlate within 20% accuracy 
the numerical data obtained for the general and exten- 
sive parametric range of any given mixed convection 
number and Prandtl number, with 0.1 < Pr < 10. 

For opposing flows the buoyancy force acts like an 

200 

1.60 

1.20 

-ii 

0.80 

0.40 

0 

FIG. 5. Velocity and temperature profiles for Pr = 0.1 for 
mixed convective flow over horizontal surfaces. Curves l-6 
designate r = 1.0, 0.9039, 0.5904, 0.07776, 0.00293, and 0, 

respectively. 

77 
600 500 4m 3.cil 2.00 I 00 0 

1.00 

080 

3.60 

a3 

040 

320 

P 

FE. 6. Same as Fig. 5 except Pr = 0.7. Also shown are local 
similarity solutions. 

7) 
6.00 5.00 400 300 2.w I 00 0 

L , 

FIG. 7. Same as Fig. 5 except Pr = 10.0. 
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Table 3. Results of -tl’(&,O) at separation from rigorous 
solution 

0.60 

-ii 

040 

Vertical plate Horizontal plate 
Pr (Gr/Re2), - B’(& 0) (Gr/Re5’2), - 8’(& 0) 

0.1 0.1437 0.0989 0.0299 0.1135 
0.7 0.1865 0.1763 0.0850 0.2101 
1.0 0.1928 0.1846 0.1062 0.2351 

10.0 0.3132 0.3648 0.5281 0.5010 

FIG. 8. Temperature and velocity pro&s for opposing mixed 
convective flow over vertical surface%for Pr = 0.7. Curves $4 
designate cr = 0.0,0.1271,0.1807, and 0.1865, respectively. 

convection limit, only the upper part of the solution 
curve can be reached while the separation point lies in 
thelowerpart ofthecurve.Tocircumvent thisdifficulty, 
equations (18) and (19) are first solved withf”(<, 0) = 0 
instead of the boundary condition, equation (20b). We 
then march in the direction of 5 until the boundary 
conditions, equation (2Ob), is satisfied to an accuracy of 
10-j. 

5. CONCLUSIONS 

adverse pressure gradient which tends to cause 
separation of the boundary layer. Figures 8 and 9 show 
the representative velocity and temperature profiles for 
the two cases of horizontal and vertical plates when 
buoyancy force opposes the development of the 
boundary layer, with Pr = 0.7. Theopposing buoyancy 
force reduces the velocity and velocity gradients at the 
wail .as compared to those in pure forced convection. 
The thermal gradient at the wall decreases and the 
thermal boundary layer thickness increases as the 
separation point is approached. Table 3 gives the values 
of the separation point g, and the corresponding values 

of - eir,, 0). 
It is also of interest to note that a special procedure is 

needed to obtained the solution at the separation point. 
The reason being that the behavior off” vs 5 in the 
neighborhood of the separation point is dual. Thus by 
marching from the known solution of the forced 

‘) 
600 5.00 4.00 300 200 LOO 0 

The introduction of the mixed-convective para- 
meters 5 = (1 + Gr2/Re4)- ’ and (1 + Gr2/Re5)- ‘, 
respectively, in the nondimensionalization of the 
governing equations describing the mixed, forced and 
free convection flow over vertical and horizontal flat 
surfaces provides solutions which are uniformly valid 
over the entire range of mixed-flow intensities. The 
formulation of the resulting equations is such that the 
forced and free flow equations are respectively 
recovered from values of the mixed convection 
parameter ?j = 1.0 or 0. The solutions of the respective 
problems provide smooth transition of the physical 
variables from one convective limit to the other. 

Since 5 _ (I +const. * x2}- ’ for flow over a vertical 
plate, therefore the structure of the boundary layer 
varies from forced convection dominated near the 
leading edge to natural convection dominated as the 
distance from the leading edge increases. Similar 
behavior holds for the convective flow over a horizontal 
plate, where 5 N (1 + const. * x)- I. 

Comparison of the results obtained from the 
rigorous numerical solution and the local similarity 
approximation shows that the local similarity solution 
provides reasonable results for the wall values of 
F”(&O) and @‘f&O), although there is considerable 
deviation of the velocity profiles away from the wail in 
the range of intense mixed convection. The present 
study has also determined the separation points in 
opposing flows and simple approximate relationships 
forlocalNusseltnumbersovertheentirerangeofmixed 
convection intensities and over the range of Prandtl 
numbers considered. For the horizontal case it is 
further found that the behavior of~(~,O) vs e in the 
neighborhood of the separation point is dual in that 
two different values off”(& 0) can exist for a given 5. 

FIG. 9. Temperature and velocity profiles for opposing mixed ~ck~wledge~nts-This work was supported by the Heat 
convective flow over horizontal surfaces, for Pr = 0.7. Curves Transfer Program of NSF under Grant No. MEA-8121779. 
1-5 designate & = 0.0, 0.0566, 0.0826, 0.0896, and 0.0929, X.Q.L. was on sabbatical leave from the Chemical Machinery 

respectively. Research Institute, Lanzhou, China. We thank Professors 
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APPENDIX 

The method of quasi-linearization is quite straightforward in 
its application to non-linear ordinary and partial differential 
equations of parabolic type [15]. If the integral boundary 
condition in equation (20b) is evaluated from the current 
approximate solution of the recurrence equation, the resulting 
procedure is extremely time consuming if at all it converges. 
The proposed method inherits all the general features ofquasi- 
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linearization including quadratic convergence and monotone 
convergence, and retains the tridiagonal block structure of the 
matrix which can be efficiently solved using Keller’s scheme 
[16, 171. 

For convenience, the governing equations of mixed- 
convective flow over a horizontal flat plate are written as 

+ E(5)F”’ $ + G([)F’g = 0 (Al) 

e”+H(&P@‘F+I({,Pr)B$-+J(&Pr)F’$ = 0 (A2) 

where A, B,. . . , J correspond to the constants involving t; and 
Pr in equations (18) and (19) and can be obtained by 
comparison. Let the net points of the finite-difference 
equations be given by 

50=0, rr=5kd1+1, 1=1,2 ,..., iv 

‘lo = 0, q=n,_,+h, h=l,2 ,..., J 

where his a constant and I can be non-uniform as it is required 
to find the solution for {F, 0) from 0 < n < J at k when {F, 0) 
are known for 0 < n (E J at k- 1. At < = & the method of 
quasi-linearization yields the following recurrence relation- 
ship for equations (Al) and (A2) 

aF”i + , 

+ q [EF”“] + T [GF"] 

= AF”“F’+EF”“aF’ + BF”‘F.‘+GF”g 
at (A3) 

The next step in the computational procedure is to reduce the 
above equations in terms of first- and second-order partial 
differential equations 

F’if’ = ui+l 
(As) 

&+I = “i+l 
(A6) 

ap+ 1 

+F’+‘[Au”] + - ay W’l 

@+I 

+fY”‘[Cq] + - ag CD] = Av”F’ 

aF’ doi 
+ Ev” - + Bv’u’+ Gu’ - 

x at; 
(A7) 
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Treatment of the boundary conditions, equations (20a) and 
(2Oc), are not detailed in the discussion since they present no 
particular difficulty. The integral boundary condition, 
equation (2Ob), can be written as 

In finite-difference form the above equations become 

“‘(&O) = ,;+i = -c(t)ja= edn+B(oJa= $ dtl. (A13) 

By using a three-point formula for the derivative and 
trapezoidal rule for evaluating the integrals in the above 
equation, we get 

+“+2fh’(Bu; ++)} 
(A14) 

Inmatrix-vectorform,equations(All),(A12)and(Al4)can~ 
written as 

AX=Y. (Al5) 

The matrix A exhibits tridiagonal block structureexcept for 
one row involving the boundary condition, equation (A14). 
The computational problems might be considerably reduced 
in inverting the matrix A if we let B be the matrix of elements 
containing the tridiagonal block structure and treat the 
remaining elements arising out of the integral boundary 
condition as perturbations. Equation (AM) can then be 
rewritten as 

(All) 

(B+P)X = Y (A16) 

where P is the perturbed matrix. In what follows we use the 
Woodbury formula [18] which avoids the explicit inversion of 
the matrix A [18]. A perturbation matrix P can always be 
expressed as a product USVT. In our case, the matrix P 
consisting of only one non-zero row V,, in the r, position, is 
given by the product UVT where 

and 

U = Ce(rJl 

v = [VT] 

and S which is an identity matrix becomes a scalar 1 in the 
present problem. For the Woodbury formula let Q be the 
solution to 

BQ=U (Al7) 

and let R be the solution to 

(1 +VTQ)R = VT, 

6412) Then the solution to (B + P)X = Y, where P = USVT, is 

In deriving the last two equations the following difference 
formulae are used for the derivatives 

ar x,+i-2,-i 
g= 2h 

X = (I - QR)X, = X0 - Q(RX,) 

where X0 is the solution to 

(A18) 

BX, = Y. (A19) 

azz z.+1-2z,+z,_, -= 
aq2 hZ 

where z = F, u, v or 0. 

The Woodbury formula as shown in Householder [18] 
simply reduces the problem of solving equation (A15) to the 
problem of solving equations (A17)-(A19) involving the 
matrix B of tridiagonal block structure which can be solved 
most efficiently using Keller’s scheme [16,17]. Unlike the 
reported problems ofconvergence encountered in obtaining a 
numerical solution of a similar problem in ref. [l], the present 
procedure is quite fast in its convergence rate. It almost always 
converged to an accuracy of 1 in 1Or4 in just eight iterations. 
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FORMULATION DE LA CONVECTION MIXTE SUR DES SURFACES HORIZONTALES 
ET VERTICALES 

Resume-L’ecoulement a couche limite sur une plaque semi-infinie verticale ou horizontale, chat&e a 
temperature constante dans un bcoulement libre uniforme, est ttudie lorsque la force de pesanteur favorise ou 
s’oppose au developpement de la couche limite. Differents parambtres de convection mixte sont introduits 
dans la formulation des problemes concernant des surfaces horizontales et verticales de facon qu’une 
transition deuce soit possible entre les deux ; en particulier les equations pour les cas de convection pure for&e 
et naturelle sont retrouvees en faisant respectivement les nombres de Grashofet de Reynolds nuls. Un schema 
numerique est dtveloppe pour incorporer la condition inttgrale limite qui apparait dans les equations de 
l’ecoulement sur une plaque plane horizontale, ce qui rend possible la convergence numerique. Des solutions 
localement semblables et non semblables sont aussi obtenues. Elles montrent un &cart considerable des profils 
de vitesse par rapport a la solution rigoureuse par difference finie dans la region de la convection mixte intense, 
bien qu’un bon accord existe pour les valeurs a la paroi, comme le representent les facteurs de frottement et les 
nombres de Nusselt, lesquels sont dint&r&t primordial. Des expressions explicites simples entre les nombres de 
Nusselt locaux sont don&es pour le domaine entier de convection mixte quand le nombre de Prandtl varie 

entre 0,l et 10. Les points de separation sont aussi obtenus pour les ecoulements en opposition. 

EINE BESCHREIBUNG DER UBERLAGERTEN FREIEN UND ERZWUNGENEN 
KONVEKTION AN HORIZONTALEN UND VERTIKALEN OBERFLACHEN 

Zusammenfassung-Es wird die Grenzschichtstriimung an halbunendlichen senkrechten und waagerechten 
ebenen Platten, die durch eine gleichfiirmige freie Striimung auf konstanten Temperaturen gehalten werden, 
fiir die FLlle untersucht, in denen die Schwerkriifte entweder die Ausbildung der Grenzschicht begtinstigen 
oder behindern. Es wurden verschiedene Parameter fur iiberlagerte Konvektion bei der Formulierung der 
betreffenden Probleme, die horizontale und vertikale Oberllachen einschlie5en, so eingefiihrt, da5 ein stetiger 
Ubergang von der einen zur anderen Konvektionsform mijglich ist; insbesondere ergeben sich die giiltigen 
Gleichungen fur rein erzwungene Konvektion bzw. reine freie Konvektion, wenn die Grashof-Zahl bzw. die 
Reynolds-Zahl null gesetzt wird. Es wird ein wirksames numerisches Verfahren entwickelt, urn die 
Randbedingung in integraler Form, die in den Bestimmungsgleichungen fur die Stromung an einer 
horizontalen ebenen Platte auftritt, zu beriicksichtigen, wodurch numerische Konvergenz erreicht wird. 
Grtlich %hnliche und nichtahnliche Liisungen werden in gleicher Weise erhalten. Diese zeigen betrlchtliche 
Abweichungen der Geschwindigkeitsprofile von der strengen Lasungmittels finiter Differenzen im Gebiet der 
stark iiberlagerten Konvektion, obwohl gute Ubereinstimmung fur die Werte an der Wand besteht, die durch 
die vorrangig interessierenden Widerstandsbeiwerte und Nusselt-Zahlen gegeben sind. Es werden einfache 
explizite Ausdriicke bestimmt, welche die Nusselt-Zahlen im ganzen Bereich der iiberlagerten Konvektion 
wiedergeben, wobei die Pr-Zahlen von 0.1 bis 10 variieren. Die Ablosungspunkte mit Riickstriimung werden 

gleichfalls erhalten. 

@OPMYJIMPOBKA YPABHEHHH COBMECTHOH BbIHYX(AEHHOH M CBO6OAHOH 
KOHBEKHMH Y IOPM30HTAJIbHbIX II BEPTMKAJIbHbIX HOBEPXHOCTEH 

AHHOTaUIIR-kiCCJIeAyeTCIl Te'leHWC B nOrpaHH'IHOM CJIOe Ha nony6ecKoHe9HbIx BepTHKaJTbHbIX W 

rOpH3OHTaJIbHblX rIJIaCTWHaX,HarpeBaeMbIx A0 ~~CTO~IHHO~ TeMnepaTypbI B 0A~op0~~0h4 CB060AHOM 

IlOTOKe, KOTAa CAJIbI nJIaBy%CTH CnOCO6CTByIOT RAW npOTHBOAeiCTByIOT pa3BHTHlO nOrpaHki'iHOr0 

C,,OR. a,IK @OpMyJIHpOBKH COOTBeTCTByEOIWX 3aAaY,BKJWWaIOIWX rOpH30HTaJIbHbIe H BepTHKanbHbIe 

ITOBepXHOCTH, Hcnonb3oBaHbr pasnuqebte napaMerpbr chietuannoR Konsexnee, 06eCne’lnaaiomne 
OJIaBHbIii nepeXOAOTOAHOr0 KOHBeKTWBHOrO npeAeJIa K ApyTOMy;B 'IaCTHOCTki, OCHOBIibIe ypaBHeHHR 

A.",, SICTO BblHyEAeHHOii H WCTO CBO60AHO8 KOHBeKUAA, COOTBeTCTBeHHO, BbIBOARTCIl npH HyJIeBbIX 

3na9ennax wcen Ipacroaa n Peiinonbnca. npeA.iIOreHa 3t$+exrnmiaa qncnemiaa cxeMa, B Ko~opoti 

ncnonbsyercn snrerpanbnoe rpanmmoe ycnoese COBMeCTHO c OCHOBHbIMH ypaBHeHR5IMH AmI nOTOKa 

Ha rOpH3OHTaJlbHOii nJIOCKOii nJIaCTNHe, TCM CaMbIM n03BOnlR nOJl~'IIiTb '4HCJIeHHyIO CXOAHMOCTb. 

,,O,IyqeHbI TaKge aBTOMOAenbHbIe A HeaBTOMOAeAbHbIe pe,"eHWI, 83 KOTOpbIX BWAHO, 'IT0 npO&,JIH 

CKOpOCTH 3Ha'lNTE"bHO OTKJIOHRIOTCI OT npO@UIeti, paCCWTaHHbIX TOSHbIM KOHeSHO-pa3HOCTHbIM 

MeTOAOM A_"SI o6nacrn HHTeHCHBHOii CMeI"aHHOfi KOHBCKWH. B TO xe BpeMR XOpOUIee COBnaAeHWe 

nOAy~e"O~KTaK"XBen~~RHHaCTeHKC,KaKKO3~~~~~eHTT~HH~B~~CAOHyC~nbTa,npeACTaBA~lolu~X 

OCHOBHOii~HTCpeC.~bIBeAeHbI~pOCTbIeCOOTHOllleH~~BRBHOM BHRe AJIS JIOKaJIbHbIX 'IWCeJl HyCCeJIbTa 

B LWpOKOM AIHana30He HHTeHC,,BHOCTeti CMeIUaHHOii KOHBeKIJUR IlpH U3MeHeHUU 'IHCAa npaHATnR OT 

0.1 A0 10,OIIpeAeneHbI TaK~eTOVKHOTpbIBa B npOTWBOnOJIOXCHOHaIIpaBJIeHHbIX nOTOKaX. 


