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Abstract—The boundary-layer flow over semi-infinite vertical and horizontal flat plates, heated to a constant
temperature in a uniform free stream, is studied when the buoyancy forces either aid or oppose the
development of the boundary layer. Different mixed-convection parameters are introduced in the formulation
of the respective problems involving horizontal and vertical surfaces such that smooth transition from one
convective limit to the other is possible; in particular the governing equations for the purely forced and free
convection cases are respectively recovered from the zero values of the Grashoff and Reynolds numbers. An
effective numerical scheme is developed to incorporate the integral boundary condition appearing in the
governingequations of the flow over a horizontal flat plate, thereby rendering numerical convergence possible.
Locally similar and locally nonsimilar solutions are also obtained. They show considerable deviation of the
velocity profiles from the rigorous finite-difference solution in the region of intense mixed convection, although
good agreement exists for the wall values, as represented by the friction factors and Nusselt numbers, which are
of primary interest. Simple explicit expressions correlating local Nusselt numbers over the entire range of
mixed convection intensity when Prandtl numbers vary from 0.1 to 10are determined. The separation pointsin
opposing flows are also obtained.

0017-9310/84 $3.00 + 0.00
© 1984 Pergamon Press Ltd.

1. INTRODUCTION

BUOYANT forces play an important role in the force
convective flow over solid bodies by altering the flow
field and hence the heat transfer and shear stress
characteristics at the wall. Extensive studies [1-11]
have been conducted on mixed-convective flow over
horizontal or vertical flat surfaces. In these studies the
formulation fails to provide a smooth transition
between the forced convective limit and the free
convective limit in that, depending on whether the
Grashoff number (Gr) or Reynolds number (Re) is used
for nondimensionalization, the solution becomes
increasingly difficult to obtain as one of these limits is
approached. In fact the solution becomes singular at
the respective limit.

Recently, during the study of the diffusion flame
structure in stagnation flows, Fernandez-Pello and
Law [12]introduced a unified mixed-flow parameter of
theform (Re* + Gr?)!/8 for nondimensionalization. The
resulting formulation provides solutions which are
uniformly valid over the entire range of the mixed-
convective flow between the two limits. Furthermore,
since the formulation removes the singularity
appearing at one of the limits, the governing equations
then become similar at both limits. This formulation
subsequently has also been applied to the diffusive
burning over vertical surfaces [13].

In the present study we have extended the
formulation and solution of the mixed-flow problem in
several aspects.

(1) Analogous to the mixed-flow parameter for
vertical plates, we have introduced a corresponding
parameter of the form (Re® + Gr?)*/1° for the horizontal
surface.

(2) We have also found it useful to introduce
new transformed x-coordinates, £, of the forms
(1+Gr*/Re*)~! and (1+Gr?/Re®)"!, instead of the
conventional forms of Gr/Re? and Gr/Re>?, for the
vertical and horizontal surfaces, respectively. Use of
these new coordinates properly places the flow range to
be between & =(0,1), and thereby facilitates the
solution procedure.

(3) We have developed a numerical scheme in which
convergence in the horizontal case is achieved [1].

(4) Solutions for both aiding and opposing flows have
been obtained ; in the latter case the separation points
have also been determined.

(5) Both local-similarity and local non-similarity
solutions have been obtained and compared with the
rigorous solutions.

We now present the formulation and solutions
mentioned above.

2. VERTICAL FLAT PLATE

The conservation equations when the buoyancy
forces influence the development of the boundary layer
flow over a vertical flat surface are given by

dpu)  d(pv)

= 1
Ox + dy 0 )
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The second term on the RHS of equation (2)is due to the
buoyancy induced force. The boundary conditions for
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specific heat

C; local skin friction factor

F  reduced stream function

g  gravitational acceleration

Gr local Grashoff number, gf(T,, — T,,)x3/v*
Nu Nusselt number

Pr  Prandtl number

Re local Reynolds number, U  x/v
T  fluid temperature

T, wall temperature

T, free stream temperature

axial velocity component

free stream velocity

v normal velocity component

NOMENCLATURE

n pseudo-similarity variable

0 dimensionless temperature,

(T_ Too)/(Tw - Toc)

thermal conductivity

dynamic viscosity

kinematic viscosity

present mixed-convection parameter :

(14 Gr?/Re*)~ 1! for vertical case;

(14 Gr?/Re®)~ ! for horizontal case

&, conventional mixed-convection parameter
for vertical case, Gr/Re?

¢, conventional mixed-convection parameter
for horizontal case, Gr/Re*?

£, separation point

FaSEE T~ NN

x  axial coordinate p  density
y  transverse coordinate. Y stream function.
Greek symbols Superscript
o  thermal diffusivity denotes partial derivative with respect
B coefficient of thermal expansion to 1.
equations (1)—(3) are Pr(3—¢) [ oF 60:|
'+ ——F0 =2Pr{(1-|0——F =] (9
w=v=0, T=T, at y=0 4 R A
u-U, T-T, as y—-wo @ F(0=0, 6(0=1 (10a)
u=U, T=T, at x=0. OF(&,0
x B-9FEO-81-0 2 =0 (10b
To facilitate the solution of the above system of
equations over the entire regime of mixed, forced, and F'(¢,c0) = EY4 0(, 00) = 0. (10¢c)

free convection, it is necessary to transform these
equations to a form which exhibits the effects of
buoyancy on forced convection and also the effects of
forced flow on free convection. The mathematical
analysis is simplified by introducing the following
coordinates of transformation

ReY? (7
=i L (p/p) dy- V)

In addition, a reduced stream function F(&,7) and a
dimensionless temperature 6(&, n) are defined, respect-
ively, as

¢ = &(x),

Rel?? T-T,
Y& = WF(C» m, 0 n) = T.—T,

where (&, n) is the stream function that satisfies the
continuity equation (1) and

()

0
U= —ly il ™

O
pu = Uy —- 0x'

ay
Assuming constant values for py, c,, and p4, the
transformed system of equations become

(B-9 (1-9
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In the above equations, primes denotes partiai
differentiation with respect to #, Pr is the Prandtl
number, and &(x), which serves as the buoyancy
parameter in the forced convection limit and as the
forced convection parameter in the free convection

limit, is given by
Gr2\!
=1+ —
¢ ( + Re“)

where Gr = gB(T,— T..)x3/v?, Re = U x/v are the
local Grashoff and Reynolds numbers, respectively.
Itis seen from the present formulation of the problem
that the governing equations reduce to forced and free
convection limits, respectively, when ¢ = 1 and 0. Both
the limits have similarity solutions. Equations (8)—(10)
are solved using a finite-difference scheme similar to
that given in the Appendix. The same equations are also
solved by utilizing the local similarity and local non-
similarity methods. In the local similarity method the
governing equations reduce to ordinary differential
equations by eliminating the terms involving the
derivations with respect to &. In the local non-similarity
method of Sparrow and Yu [14], the solutions are
truncated at the second level by eliminating the terms
involving the second order derivatives with respect to €.
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3. HORIZONTAL FLAT PLATE

The conservation equations for the laminar
boundary layer flow with mixed convection over a
horizontal flat plate are given by

dlpu)  &(pv)
- 12
ox + ay 0 (12)
u&_u+ 6u 0 6u
P TP T\t
a e o]
igﬂa—[J P(T—Tm)dy:l (13)
x y
oT T _ 0 (4T
o 14
P TPy ay< ay> 19

Thesecond term on the RHS of equation (13),derived in
detail by Sparrow and Minkowycz [3], is the
streamwise pressure gradient due to buoyancy. The
boundary conditions for equations (13) and (14) are

u=v=0, T=T, at y=0
u—-U,, T->T, as y— o (15)
u=U,, T=T, at x=0.

It may also be noted that the problem can also be
formulated, in a somewhat more straightforward
fashion, without the integral rcpresentationin equation
(13). We have, however, purposefully adopted the
integral formulation in order to demonstrate the
features of the present numerical scheme which
removes the convergence difficulty reported in ref. [1],
and is expected to have extended utility in other
situations.

To facilitate the solution of the above equations for
the entire range of mixed convection, the following set
of coordinates are introduced

_ R 172 Gr2\ -1
;/mf (p/p) 4y, é=<1 +R—:s> .(16)

In addition, a reduced stream function and a
dimensionless temperature 0(&, n) are defined as

Re! ~T
Y= é‘“° F(é n, 0&n= =

T.—T, 17

where ¥ is the stream function which satisfies equation
(12). Making use of the Boussinesq approximation, the
transformed system of equations become

(6 4 (2+35) ” 4+
P e pr e S e a9 e
oF F"

=5(1—f)|:F'"a—— 9 FJ- 5)—:| (18)
z
., Pr6=9) . o[ 0F 08
o+ —Pre e)[o = Faé] (19)
F
FE0) =0, (6—8)F(E0)—10601 -5 ;i’o) o,

0(Z,00=1 (20a)
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g3, (¢, 00) =

where primes denotes partial differentiation with
respect to 5. As in the previous formulation, the
governing equations reduce to forced and free
convection limits, respectively, when ¢ = 1 and 0. Both
limits have similarity solutions. Equations (18)—(20) are
solved using an identical finite-difference scheme that is
given in the Appendix and also by the local similarity
method.

F'(¢,0) = (20c)

4. RESULTS AND DISCUSSIONS

Numerical calculations are carried out for fluids
having Prandtl numbers of 0.1, 0.7, 1.0, and 10.0 over
the entire regime of mixed, forced and free convective
flow over vertical and horizontal flat surfaces. A finite-
difference scheme has been developed and is detailed in
the Appendix. The scheme is based on the method of
quasi-linearization and iteration to integrate the
respective governing equations in the entire range of
mixed convection parameter 0.0 < ¢ < 1.0.In order to
verify the accuracy of using the local similarity
approximation under the present formulation, the
equations under this approximation are also solved
using the quasi-linearization scheme. Additionally, the
local non-similarity method of Sparrow and Yu [14]
has also been used for comparison purpose in the case
involving the vertical surface. Local non-similarity
solutions for the horizontal case have not been
obtained because of the excessive computing cost and
because they are not expected to provide any new
insight in addition to those of the vertical case.

The primary physical quantities of interest are the
velocity distribution (u/U ) = F'(£, n), the temperature
distribution (T— T )AT,—T,) = 0(,n), the local
Nusselt number Nu, and the local skin friction factor
C;. The last two quantities are defined, respectively, by

Qw Cf Tw

X
Ny=-—=¥_7" =
-ty A pUZ)2

21

where 1, = u(0u/0y),-, is the wall shear stress and
Q. = —M0T/8y), = oisthe wall heat flux. Making use of
equations (5)—(7), we get

_0E0)

2F"(&,0)

63/8

which are applicable for the case of the vertical flat
plate. Similarly, for the case of the horizontal flat plate
and using equation (16) and (17) we get

Y& - ¢ JRe =
- JRe =

- 61/10 ’
Table 1 and Figs. 1-4 correspond to the case of the
vertical flat surface when buoyancy force aids the

Nu/\/Re = Cr/Re = (22)

2F"(&,0)

Nu/\/Re = . (23)
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F1G. 3. Same as Fig. 1 except Pr = 0.7. Also shown are local
similarity solutions.

numbers, because of the smaller boundary-layer
thickness and hence a larger temperature gradient at
the wall.

Figures 1-4 also show that the velocity overshoot
above the free stream velocity can be quite large for low
Prandtl numbers. Ftuids with large Prandt] numbers
are more sensitive to the effect of forced convection in
the free convection limit. The location of the maximum
velocity movesinward with an increasein the buoyancy
effect, but the thickness of the thermal and velocity
boundary layers remain constant for a given Prandtl
number. As can be seen from Table 1, a higher value of
F"(¢,0) is associated with fluids having lower Prandtl
numbers and F”(£,0) increases with an increase in the
buoyancy parameter, &;.

Figure 2 compares the velocity profiles of the
rigorous solution with those obtained with the local
non-similarity approximation, for Pr=0.7. The
temperature profiles are not compared because they are
always quite close to each other. Table 1 demonstrates
this close agreement for the wall values §'(¢,0), which

Y]
600 500 400 300 200 10O 0
1.00 ! 1.00
2
A 3
oso} Joso
osol . 060
(T8
@
L
o400 {o40
5
020} * Ho.20
. .
2
6
o , \ . o
0 .00 200 300 400 500 600
n

FI1G. 4. Same as Fig. 1 except Pr = 10.0.
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show a maximum difference of 4.49,. The velocity
profiles, however, show substantial disagreement away
from the wall in the region of intense mixed convection
with 0.02 < &, < 3.5. The maximum deviation in the
wall values F"(£,0) is about 11%. These results are
consistent with the greater sensitivity of the velocity
profiles to the buoyancy induced forces, thereby
making it more sensitive to approximations in the
analysis.

Figure 3 and Table 1 compare the local similarity
approximation to the rigorous solutions for Pr = 0.7.
Here again we observe good agreement for the
temperature results and substantial disagreement in
the velocity profiles away from the wall in the region of
the intense mixed convection. Maximum differences of
8.3 and 6.3% are observed for the wall values F”(,0)
and @'(¢,0), respectively. The good agreement for
F"(,0) and 0'(£,0) obtained by the rigorous and local
similarity assumptions, in addition to the considerable
simplifications the local similarity method introduces,
suggest the use of this approximation for most practical
purposes. It should also be noted that the conventional
formulation of using only Reynolds or Grashoff
numbers for non-dimensionalization of governing
equations does not result in a local similarity solution
as the other convection limit is approached; the
governing equations in fact become singular at that
limit.

Wealso note thatin Figs. 2and 3,and also Fig. 6 to be
discussed later, the locally similar and the locally
nonsimilar velocity profiles exhibit the existence of a
local minima, at large values of , whose value is even
less than the free stream value. It has been ascertained
that thisis a consequence of the use of a finite free stream
boundary in the numerical calculations, and that it has
practically no effect on the wall values represented by
the skin friction coefficient and the Nusselt number.
Accuracy of the present numerical scheme has also been
checked by using Gear’s initial boundary value routine
with the missing boundary condition f“(£,0) obtained
from the present numerical solution. Numerical results
from both schemes were identical.

Table 2 and Figs. 5-7 correspond to the case of the
horizontal flat plate. The results show similar trends as
those of the vertical case. The velocity overshoot is quite
large for fluids having small Prandtl numbers when
compared to the previous case and consequently result
in higher values of F”(£,0) and #(&,0) at the wall
However, at higher values of Prandtl numbers and
larger values of the mixed convection parameter, &,, the
effect of forced convection flow in the free convection
limit is less significant when compared to the vertical
case. Thisresultsinlower values of F”(£,0)and 0'(&, 0)in
this range of mixed convection flow. For Pr = 0.7, the
maximum differences in F”(£,0) and 6'(£,0) are 16 and
4.6%, respectively.

Under the current formulation it is observed from
Tables 1 and 2 that there is only a slight variation of the
dimensionless temperature gradient, — 8'(&, 0), with the
mixed convection number for any given Prandtl
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Table 2. Results of F”(£,0) and —#'(£, 0) for mixed-convective flow over horizontal surfaces
Local similarity
Rigorous solution method
Pr=01 Pr=20.7 Pr=10 Pr=100 Pr=20.7
¢ &2 F'(£,0) —#(£0) F'(£0 —8(,0 F'(&0 —0¢0 F(0 —-0¢0 FE0 -—-6(0
1.00000 0.000 03332 0.1527 03332 02931 0.3332 0.3328 0.3332 0.7289 0.3332 0.2931
0.90392 0326 09472 0.1785 0.6306 0.3441 0.5904 0.3855 0.4196 0.7774 0.7334 0.3476
0.81537 0476 1.1879 0.1887 0.7372 03582 0.6810 03999 04453 0.7884 0.8226  0.3571
0.73390 0.602 13450 0.1943 08042 03660 0.7375 04078 04600 0.7939  0.8726  0.3621
0.65908 0.719 14610 0.1979 08524 03711 0.7779 0.4129 0.4694 0.7969 0.9047 0.3653
0.59049 0.833 1.5518 0.2004 0.8893 0.3746 0.8085 0.4165 0.4756 0.7983 0.9268 0.3673
0.32768 1.432 19513 0.2125 1.0368 0.3896 0.9279 04307 0.4901 0.7969 0.9733 0.3713
0.16807 2225 20596 02106 10629 0.3864 0.9447 0.4269 0.4754 0.7824 0.9835 0.3711
0.07776 3.444 20576 02060 10524 03798 0.9323 0.4197 0.4554 0.7665 0.9850 0.3696
0.03125 5.568 20268 02027 10342 03739 09143 04132 04352 0.7506 0.9843 0.3673
0.01024 9.831 20032 0.2009 10185 0.3695 0.8980 0.4079 0.4163 0.7349 0.9834 0.3647
0.00243 20261 19946 0.1997 1.0071 0.3657 0.8848 0.4032 0.3992 0.7196 0.9830 0.3619
0.00032 55.893 1.9952 0.1983 09989 0.3618 0.8738 0.3983 0.3845 0.7049 0.9833 0.3591
0.00001 316226 19984 0.1966 09924 03578 0.8643 0.3932 0.3723 0.6911 0.9846 0.3563
0.00000 0 20005 0.1947 09869 0.3536 0.8556 0.3881 0.3624 0.6780 0.9869 0.3536
number. Advantage can be taken of this fact to correlate n
the local Nusselt number in terms of the Prandtl 600 500 400 300 200 100 O
number, Pr, and mixed convection number, ¢. The 100 " oo

following relationships apply, respectively, for the
mixed convective flow over vertical and horizontal flat
surfaces

Nu 0.37Pr'/3
e
Nu 0.37Pr'/3
TR~ @

The local Nusselt numbers obtained from equations
(24)and (25) are found to correlate within 209, accuracy
the numerical data obtained for the general and exten-
sive parametric range of any given mixed convection
number and Prandtl number, with 0.1 < Pr < 10.

For opposing flows the buoyancy force acts like an

600

200

1.60 080

1.20 060
“ ©
080 0.40
osoly 1020
% 200 400 600 800 1000 1200

n

Fi1G. 5. Velocity and temperature profiles for Pr = 0.1 for

mixed convective flow over horizontal surfaces. Curves 1-6

designate ¢ = 1.0, 0.9039, 0.5904, 0.07776, 0.00293, and 0,
respectively.

~— Rigorous solution
---Locoliy similar solution
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u
©
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F1G. 6. Same as Fig. 5 except Pr = 0.7. Also shown are local
similarity solutions.
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FiG. 7. Same as Fig. S except Pr = 10.0.
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Fi1G. 8. Temperature and velocity profiles for opposing mixed
convective flow over vertical surfaces, for Pr = 0.7. Curves 14
designate &, = 0.0, 0.1271, 0.1807, and 0.1865, respectively.

adverse pressure gradient which tends to cause
separation of the boundary layer. Figures 8 and 9 show
the representative velocity and temperature profiles for
the two cases of horizontal and vertical plates when
buoyancy force opposes the development of the
boundary layer, with Pr = 0.7. The opposing buoyancy
force reduces the velocity and velocity gradients at the
wall as compared to those in pure forced convection.
The thermal gradient at the wall decreases and the
thermal boundary layer thickness increases as the
separation pointis approached. Table 3 gives the values
of the separation point £, and the corresponding values
of —6(,,0).

It is also of interest to note that a special procedure is
needed to obtained the solution at the separation point.
The reason being that the behavior of f” vs £ in the
neighborhood of the separation point is dual. Thus by
marching from the known solution of the forced

n
600 500 400 300 200 .00 0
1,00 100
080 41080
0.60 1060
b -3
040 040
020 4020
o ) : . . o
o] 125 2.50 375 500  6.25 7.50

'I?

F1G. 9. Temperature and velocity profiles for opposing mixed

convective flow over horizontal surfaces, for Pr = 0.7, Curves

1-5 designate &, = 0.0, 0.0566, 0.0826, 0.0896, and 0.0929,
respectively.
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Table 3. Results of —#(£,,0) at separation from rigorous
solution

Vertical plate Horizontal plate

Pr (Gr/Re?), —0(£0) (Gr/Re®®), —#(0)
0.1 0.1437 0.0989 0.0299 0.1135
0.7 0.1865 0.1763 0.0850 0.2101
10 0.1928 0.1846 0.1062 0.2351

10.0 0.3132 0.3648 0.5281 0.5010

convection limit, only the upper part of the solution
curve can be reached while the separation point lies in
the lower part of the curve. To circumvent this difficulty,
equations (18} and (19) are first solved with f"(£,0) = 0
instead of the boundary condition, equation (20b). We
then march in the direction of & until the boundary
conditions, equation (20b), is satisfied to an accuracy of
1073,

5. CONCLUSIONS

The introduction of the mixed-convective para-
meters & =(1+Gr¥/Re®)" ' and (1+Gr¥/Re®)™ !,
respectively, in the nondimensionalization of the
governing equations describing the mixed, forced and
free convection flow over vertical and horizontal flat
surfaces provides solutions which are uniformly valid
over the entire range of mixed-flow intensities. The
formulation of the resulting equations is such that the
forced and free flow equations are respectively
recovered from values of the mixed convection
parameter & = 1.0 or 0. The solutions of the respective
problems provide smooth transition of the physical
variables from one convective limit to the other.

Since £ ~ (1 +const.* x%) " ! for flow over a vertical
plate, therefore the structure of the boundary layer
varies from forced convection dominated near the
leading edge to natural convection dominated as the
distance from the leading edge increases. Similar
behavior holds for the convective flow over a horizontal
plate, where & ~ (1 +const.* x) ™ L.

Comparison of the results obtained from the
rigorous numerical solution and the local similarity
approximation shows that the local similarity solution
provides reasonable results for the wall values of
F'(E,0) and 6(£,0), although there is considerable
deviation of the velocity profiles away from the wall in
the range of intense mixed convection. The present
study has also determined the separation points in
opposing flows and simple approximate relationships
forlocal Nusselt numbers over theentire range of mixed
convection intensities and over the range of Prandtl
numbers considered. For the horizontal case it is
further found that the behavior of f(£,0) vs £ in the
neighborhood of the separation point is dual in that
two different values of f”(£,0) can exist for a given &.
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APPENDIX

The method of quasi-linearization is quite straightforward in
its application to non-linear ordinary and partial differential
equations of parabolic type [15]. If the integral boundary
condition in equation (20b) is evaluated from the current
approximate solution of the recurrence equation, the resulting
procedure is extremely time consuming if at all it converges.
The proposed method inherits all the general features of quasi-

M. S. Raju, X. Q. L and C. K. Law

linearization including quadratic convergence and monotone
convergence, and retains the tridiagonal block structure of the
matrix which can be efficiently solved using Keller’s scheme
[16, 17].

For convenience, the governing equations of mixed-
convective flow over a horizontal flat plate are written as

F" + AQFF” +B(EFF"+ C(émo' + D(é)g—g

+E(F" aF+G(£)F’6F” 0 (A1)
o a& (

aF+J(éP)F'60 0 (A2)

el  PNF — =

o o

where 4, B, ..., J correspond to the constants involving ¢ and

Pr in equations (18) and (19) and can be obtained by

comparison. Let the net points of the finite-difference

equations be given by

(=0, &=¢6_1+1, 1=12,...,N
n=n,_,+h h=12...J

0"+ H(E, Pr0'F + I(E, Pr)¢

'70=0’

where his a constant and I can be non-uniform as it is required
to find the solution for {F, 8} from 0 < n < J at k when {F, 6}
are known for 0 < n < J at k—1. At & = ¢, the method of
quasi-linearization yields the following recurrence relation-
ship for equations (A1) and (A2)

J

; ; . OF . .
qu+1 +F1m+ 1[AF|+E73_5_:|+FW+ I[BFu]

. . oF" ] ;
+Fi lI:BF’”+ G—~J+F'* [AF™]

ot
i+ 1
9u‘+1 C D
611 [Cn) + =5[]
it 1 i+ 1
+ EFmi Fu'
3 [EF™] + PR [GF"]
- OF* ; (OF"
= AFIH(F|+EFIH|— BFuiFu GF” A3
FT +OF' (A3)
; ; . OF o'+t .
0m+1 9u+l HF +]— JF’#
+ [ + 5f:l+ E [JF?]
. a0 dFi*t
+FUHO+F| J— 't
[HO]+ [ 65J+ PR [167]
. OF o8
= HO'F'+ 16" JF'—. (A4
+ % + 3 (A4)

The next step in the computational procedure is to reduce the
above equations in terms of first- and second-order partial
differential equations

Fli+l =ui+1 AS
(A5)

uu‘+1 =vi+1 (A6)

; ; ; OF* ottt .
Um+1+vu+1[AF|+E3§_:|+ vaé [Gux]

; . ; . ot
+o' T [Bu']+u' Bi+G
74

i+1

o

i+ 1

4

+F* [ Av] + (Ev1]

+OTCn] + [D] = Av'Fi

OF! . o
+ Ev" ﬁ + Bv'u'+ Gu' —

PY (A7)
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In finite-difference form the above equations become
i+ 1 h i+1 i+ 1 h i+1
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In deriving the last two equations the following difference
formulae are used for the derivatives

Oz _ Zn+1 " Zp1

on 2h

9z z,,,.,—22,,+z,,_1

n? K?

0z 2 0z
6_{=7( —Zi—y) — afk )

where z = F,u,vor 0.
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Treatment of the boundary conditions, equations (20a) and
(20c), are not detailed in the discussion since they present no
particular difficulty. The integral boundary condition,
equation (20b), can be written as

" « © 90
vE0) =" = —C(é)J 9d'l+D(€)J éEd"' (A13)
0 [+]

By using a three-point formula for the derivative and
trapezoidal rule for evaluating the integrals in the above
equation, we get

2
Uil+1=g 12+1 3v;+1+3h2(c__le>
X{l01+1+0i+1+9i+1+ +0|+11+_19:+l}
agk 1
+4h? 6t
" { ( v, )

2 7L d 1/2 a6
el S A e fE g
+<l %14 , >+ 2(1 %, +6¢

il
Inmatrix-vector form,equations(A11),(A12)and (A14)can be
written as

)

(A14)

AX =Y. (A15)

The matrix A exhibits tridiagonal block structure except for
one row involving the boundary condition, equation (A14).
The computational problems might be considerably reduced
in inverting the matrix A if we let B be the matrix of elements
containing the tridiagonal block structure and treat the
remaining elements arising out of the integral boundary
condition as perturbations. Equation (Al5) can then be
rewritten as

B+PX =Y (A16)

where P is the perturbed matrix. In what follows we use the
Woodbury formula [18] which avoids the explicit inversion of
the matrix A [18]. A perturbation matrix P can always be
expressed as a product USV™. In our case, the matrix P
consisting of only one non-zero row V, in the r, position, is
given by the product UVT where

U = [e(r)]
and
V=[Vi]

and S which is an identity matrix becomes a scalar 1 in the
present problem. For the Woodbury formula let Q be the
solution to

BQ=U
and let R be the solution to
(1+V'QR = V",
Then the solution to (B+P)X = Y, where P = USV", is

(A17)

X = (I-QR)X, = X, —Q(RX,) (A18)
where X, is the solution to
BX, =Y. (A19)

The Woodbury formula as shown in Householder [18]
simply reduces the problem of solving equation (A15) to the
problem of solving equations (A17)-(A19) involving the
matrix B of tridiagonal block structure which can be solved
most efficiently using Keller’s scheme [16,17]. Unlike the
reported problems of convergence encountered in obtaining a
numerical solution of a similar problem in ref. [ 1], the present
procedure is quite fast in its convergence rate. It almost always
converged to an accuracy of 1 in 10'* in just eight iterations.
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FORMULATION DE LA CONVECTION MIXTE SUR DES SURFACES HORIZONTALES
ET VERTICALES

Résumé—L’écoulement & couche limite sur une plaque semi-infinie verticale ou horizontale, chauffée a
température constante dans un écoulement libre uniforme, est étudié lorsque la force de pesanteur favorise ou
s'oppose au développement de la couche limite. Différents paramétres de convection mixte sont introduits
dans la formulation des problémes concernant des surfaces horizontales et verticales de fagon qu’une
transition douce soit possible entre les deux ; en particulier les équations pour les cas de convection pure forcée
et naturelle sont retrouvées en faisant respectivement les nombres de Grashof et de Reynolds nuls. Un schéma
numérique est développé pour incorporer la condition intégrale limite qui apparait dans les équations de
I’écoulement sur une plaque plane horizontale, ce qui rend possible la convergence numérique. Des solutions
localement semblables et non semblables sont aussi obtenues. Elles montrent un écart considérable des profils
de vitesse par rapport a la solution rigoureuse par différence finie dans la région de la convection mixte intense,
bien qu’un bon accord existe pour les valeurs a la paroi, comme le représentent les facteurs de frottement et les
nombres de Nusselt, lesquels sont d’intérét primordial. Des expressions explicites simples entre les nombres de
Nusselt locaux sont données pour le domaine entier de convection mixte quand le nombre de Prandtl varie
entre 0,1 et 10. Les points de séparation sont aussi obtenus pour les écoulements en opposition.

EINE BESCHREIBUNG DER UBERLAGERTEN FREIEN UND ERZWUNGENEN
KONVEKTION AN HORIZONTALEN UND VERTIKALEN OBERFLACHEN

Zusammenfassung— Es wird die Grenzschichtstrémung an halbunendlichen senkrechten und waagerechten
ebenen Platten, die durch eine gleichférmige freie Stromung auf konstanten Temperaturen gehalten werden,
fiir die Fille untersucht, in denen die Schwerkrafte entweder die Ausbildung der Grenzschicht begiinstigen
oder behindern. Es wurden verschiedene Parameter fiir iiberlagerte Konvektion bei der Formulierung der
betreffenden Probleme, die horizontale und vertikale Oberflichen einschlieBen, so eingefiihrt, da8 ein stetiger
Ubergang von der einen zur anderen Konvektionsform méglich ist; insbesondere ergeben sich die giiltigen
Gleichungen fiir rein erzwungene Konvektion bzw. reine freie Konvektion, wenn die Grashof-Zahl bzw. die
Reynolds-Zahl null gesetzt wird. Es wird ein wirksames numerisches Verfahren entwickelt, um die
Randbedingung in integraler Form, die in den Bestimmungsgleichungen fiir die Strémung an einer
horizontalen ebenen Platte auftritt, zu beriicksichtigen, wodurch numerische Konvergenz erreicht wird.
Ortlich dhnliche und nichtihnliche Lésungen werden in gleicher Weise erhalten. Diese zeigen betrichtliche
Abweichungen der Geschwindigkeitsprofile von der strengen Ldsung mittels finiter Differenzen im Gebiet der
stark iiberlagerten Konvektion, obwohl gute Ubereinstimmung fiir dic Werte an der Wand besteht, die durch
die vorrangig interessierenden Widerstandsbeiwerte und Nusselt-Zahlen gegeben sind. Es werden einfache
explizite Ausdriicke bestimmt, welche die Nusselt-Zahlen im ganzen Bereich der liberlagerten Konvektion
wiedergeben, wobei die Pr-Zahlen von 0,1 bis 10 variieren. Die Ablosungspunkte mit Riickstromung werden
gleichfalls erhalten.

®OPMYJIMPOBKA YPABHEHUIM COBMECTHOWM BbIHYXIEHHON U CBOBOJHOM
KOHBEKLUH V TOPU3OHTAJIBHBIX U BEPTUKAJIbHBLIX MOBEPXHOCTENA

Anvotaumssi—UMcenenyeTca TedeHHE B MOTPaHMYHOM CJOE HA MOJYOECKOHEYHBIX BEPTHKAJIbHBIX H
FOPH3OHTAJbHBIX NJIACTHHAX, HATPEBAEMBIX 10 NOCTOSIHHOH TeMnepaTypbl B OJHOPOAHOM CBOGOJHOM
NOTOKe, KOrAa CHJbl MUIABYYECTH CHOCOOCTBYIOT WJIM NPOTHBOAEHCTBYIOT Pa3BHTHEO IOTPAHHYHOIO
cnos. [ng GOpMYNHPOBKH COOTBETCTBYIOLIKX 3a/ay, BKJIKOYAIOIIHX rOPH3OHTAJbHbIE M BEPTHKAIbHBIE
MOBEPXHOCTH, HCMOJb3OBAHBI Pa3/NMYHbIE NapaMeTphl CMEIIaHHO# KOHBEKIMH, obecneinBaromme
[1aBHBIH MEPEXOA OT OZHOrO KOHBEKTHBHOTO NpelieNia K APYroMy; B YACTHOCTH, OCHOBHbIE YPaBHEHHS
Ul YMCTO BBIHYXIEHHOM H 4MCTO CBOOOIHON KOHBEKLMM, COOTBETCTBEHHO, BBIBOJATCH IIPH HYJIEBBIX
3HaueHuAX uucen [pacroda u Pelinonbaca. [peanokena sdexkTHBHasA 4HCIEHHAs cXeMa, B KOTOpPOi
HCIOJIb3YETCA MHTErpabHOE IPAHUYMHOE YCIIOBHE COBMECTHO C OCHOBHBIMHM YPaBHEHHAMH IUIA NOTOKA
Ha TOPH3OHTAILHOW IUIOCKOH NMIACTHHE, TEM CaMbIM MO3BOJIAA MOJIyYHTb HHCIEHHYIO CXOOHMOCTD.
IMoayyeHbt Takke aBTOMOJE/IbHbIE H HEABTOMO/IE/bHbBIE PEIIEHNS, H3 KOTOPbIX BHAHO, YTO NpOdHIH
CKOPOCTH 3HAYMTEJILHO OTKIOHAKOTCA OT NMpOQHiEH, PacCYHNTAHHBIX TOYHBIM KOHEYHO-Pa3HOCTHHIM
METONOM i 001acTH HHTEHCHBHOH CMelLlaHHOW KOHBEKLUMH. B TO e BpeMs xopoiuee COBNaACHHE
NOJIYYEHO ISt TAKUX BEJIHYMH Ha CTEHKe, Kak k03 duureHT TpeHus U uicio HyccenbTa, npeacrasnstommx
OCHOBHOM HHTEpeC. BoiBeneHb! NPOCThIE COOTHOILEHHA B ABHOM BHJE 18 JOKanbHbIX 4yncen HyccenbTa
B IUIMPOKOM [IMANA30HE MHTEHCHBHOCTER CMEIIAHHOA KOHBEKLIMH NpH M3MeHeHuM 4ucna [lpanarns ot
0,1 no 10. OnpeaeneHbl TakXKe TOYKH OTPLIBA B NPOTHBONOJIOXKHO HanpaBIEHHBIX IOTOKAX.



